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We show a surprising link between experimental setups to realize high-dimensional multipartite
quantum states and Graph Theory. In these setups, the paths of photons are identified such that
the photon-source information is never created. We find that each of these setups corresponds to an
undirected graph, and every undirected graph corresponds to an experimental setup. Every term in
the emerging quantum superposition corresponds to a perfect matching in the graph. Calculating
the final quantum state is in the complexity class #P-complete, thus cannot be done efficiently.
To strengthen the link further, theorems from Graph Theory – such as Hall’s marriage problem – are
rephrased in the language of pair creation in quantum experiments. We show explicitly how this link
allows to answer questions about quantum experiments (such as which classes of entangled states
can be created) with graph theoretical methods, and potentially simulate properties of Graphs and
Networks with quantum experiments (such as critical exponents and phase transitions).
When a pair of photons is created, and one cannot
– even in principle – determine what its origin is, the
resulting quantum state is a coherent superposition of
all possibilities [1, 2]. This phenomenon has found a
manifold of applications such as in spectroscopy [3], in
quantum imaging [4], for the investigation of comple-
mentarity [5], in superconducting cavities [6] and for
investigating quantum correlations [7]. By exploiting
these ideas, the creation of a large number of high-
dimensional multipartite entangled states has been
proposed recently [8] (inspired by computer-designed
quantum experiments [9]).
Here we show that Graph Theory is a very good ab-
stract descriptive tool for such quantum experimental
configuration: Every experiment corresponds to an
undirected Graph, and every undirected Graph is as-
sociated with an experiment. On the one hand, we ex-
plicitly show how to translate questions from quantum
experiments and answer them with graph theoretical
methods. On the other hand, we rephrase theorems in
Graph Theory and explain them in terms of quantum
experiments.
An important example for this link is the number of
terms in the resulting quantum state for a given quan-
tum experiment. It is the number of perfect match-
ings that exists in the corresponding graph – a prob-
lem that lies in the complexity class #P-complete
[10]. Futhermore, the link can be used as a natural
implementation for the experimental investigation of
quantum random networks [11].
Experiments and Graph – The optical setup for
creating a 3-dimensional generalization of a 4-photon
Greenberger-Horne-Zeilinger state [12, 13] is shown in
Fig. 1A [8]. The experiment consists of three layers
of two down-conversion crystals each. Each crystal
can create a pair of photons in the state |0, 0〉, where
the mode number could correspond to the orbital an-
gular momentum (OAM) of photons [14–16] or some
other (high-dimensional) degree-of-freedom. A laser
pumps all of the six crystals coherently, such that
two pairs of photons are created in parallel. Four-
fold coincidence (i.e. four photons are detected si-
multaneously in detector a, b, c and d) can only
happen if the two photon pairs are created in crys-
tals I and II, or in crystals III and IV or in crys-
tals V and VI. In every other case, there is at least
one path without a photon, which is neglected by
post-selection. Between each layer, the modes are
shifted by +1. This example leads to the final state
|ψ〉 = 1/√3 (|0, 0, 0, 0〉+ |1, 1, 1, 1〉+ |2, 2, 2, 2〉).
The corresponding graph is shown in Fig. 1B. Every
optical path a, b, c, d in the experiment corresponds
to a vertex in the graph, every crystal forms an edge
Quantum Experiment Graph Theory
Optical Setup with Crystals undirected Graph G(V,E)
Crystals Edges E
Optical Paths Vertices V
n-fold coincidence perfect matching
#(terms in quantum state) #(perfect matchings)
maximal dimension of photon degree of vertex
n-photon d-dimensional
GHZ state
n-vertex graph with
d disjoint perfect matchings
Table I. The analogies between Quantum Experiments in-
volving multiple crystals and Graph Theory.
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Figure 1. A: An optical setup which can create a 3-
dimensional 4-photon GHZ-state with the method of En-
tanglement by Path Identity [8]. It consists of three layers
of crystals, in between there are variable mode- and phase-
shifters (depicted in grey). B: The corresponding graph
with four vertices (one for each path), six edges (one for
each crystal). Every layer of crystals leads to a four-fold
coincidence count. C: These corresponds to three disjoint
perfect matching or 1-factors in the graph. D: An optical
setup for creating 3-dimensional entanglement with 6 pho-
tons. E: The corresponding graph F: It has four perfect
matchings, thus the corresponding quantum state has four
terms. One terms comes from each of the three layers (the
GHZ terms), and one additional term comes from differ-
ent layers (the Maverick -term, with orange background).
For that reason, the resulting quantum state has not the
form of a GHZ state. In the Appendix, we show how to
construct the experimental setup from a given graph.
between the vertices. A four-fold coincidence count
happens if a subset of the edges contain each of the
four vertices exactly once. Such a subset is called
perfect matching of the graph. In the above example,
there are three perfect matchings (two green edges,
two blue edges and two red edges), thus there are three
terms in the quantum state. We can therefore think of
our quantum state as a coherent superposition of the
perfect matchings in the corresponding graph. The
correspondence between quantum optical setups and
graph theoretical concepts are listed in Table I.
Now, what will happen when we add more crystals
in each layer? As an example, in Fig. 1D, three crys-
tals in each layer produce 6 photons, there are three
layers which make the photons 3-dimensionally entan-
gled. Surprisingly however, in contrast to the natural
generalisation of the 4-photon case in Fig. 1A-C (and
in contrast to what some of us wrote in [8]), the re-
sulting state is not a high-dimensional GHZ state. In
contrast to the previous case, there are four perfect
matchings, thus the resulting quantum state has four
terms (Fig. 1F). One perfect matching comes from
each of the layers (which are the terms expected for
the GHZ state), and one additional arises due to a
combination of one crystal from each layer (which we
call Maverick -term). If the mode shifter between the
layers is +1 as before, the Maverick term has |1a, 1c〉
from the blue layer, |2b, 2d〉 from the green layer and
|0e, 0f 〉 from the red layer. This leads to the final state
|ψ〉 = 1
2
(|0, 0, 0, 0, 0, 0〉+ |1, 1, 1, 1, 1, 1〉
+ |2, 2, 2, 2, 2, 2〉+ |1, 2, 1, 2, 0, 0〉). (1)
A GHZ state can only appear when all perfect match-
ings are disjoint, meaning that every edge appears
only in one perfect matching. Otherwise, additional
terms are present in the quantum state.
When the number of layers of crystals is increased
to four (with 3 cystals per layer) and modes are shifted
by +1 as before (and no phase-shifters are used), there
are 8 terms in the resulting quantum state: 4 GHZ-like
terms and 4 additional Maverick terms. For five lay-
ers, the resulting 6-photon quantum state consists of
15 terms (5 GHZ-like terms and 10 additional Maver-
ick terms), entangled in 5 dimensions (see Appendix).
In general, n crystals in one layer produce 2n photons.
One can design setups with d = (2n−1) layers, which
correspond to a complete graph K2n (in a complete
graph, every vertex is connected with every other one
exactly once). It produces a state with (2n)!n!2n terms,
(2n − 1) of them are GHZ-like (see Appendix). By
changing the mode shifters and phase shifters between
the layers, a vast amount of different quantum states
can be created.
Now one could ask what types of GHZ states are
possible in general using the experimental scheme
above. We show a proof based on Graph Theory which
answers that question. For that, we first translate the
quantum physics question Which d-dimensional GHZ
states can be created? into the graph theory question
Which undirected graphs exist with d perfect match-
ings which all are disjoint?. The proof strategy is to
construct a graph with a maximum number of dis-
joint perfect matchings, starting from n vertices [17].
The concept and the proof are described in Fig. 2. We
find that one can create arbitrarily large 2-dimensional
GHZ states, and a 3-dimensional 4-photon GHZ state.
In an analogous way, different questions in such quan-
tum experiments can be translated and answered with
Graph Theory.
In order to build 3-dimensional GHZ-type experi-
ments with 6 photons (without extra terms), one can
use two copies of the 3-dimensional 4-photon GHZ
state (presented in Fig. 1A), and combine them
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Figure 2. Application of the bridge between quantum experiments and graph theory: As a concrete example, we ask
which d-dimensional n-photon GHZ states can be created experimentally with this method. The idea of the proof is to
construct a graph starting with n vertices without edges. We try to maximize the number of disjoint perfect matchings
(PMs) by adding appropriate edges to the graph [17]. In disjoint PMs, every edge appears only in one perfect matching.
The example in the figure is for n=8, but the proof works for arbitrary even n. STEP I: In A, we add the first PM
to a set of 8 vertices (green). STEP II: In B, we add more edges to construct a second PM (red). Whenever the new
PM together with the first (green) PM creates more than one cycle (here: edges 1-6,6-7,7-8,8-1; and 2-3,3-4,4-5,5-2),
we immediatly find an additional Maverick PM (indicated with white boundary, edges 1-6,2-3,4-5,7-8). Thus the graph
cannot represent a GHZ state (as a GHZ state has only disjoint perfect matchings). The only choice for the second PM
is to create together with the first PM one cycle which visits every vertex – a Hamilton cycle, shown in C. Hamilton
cycles consist of 2 PMs, therefore correspond to 2-dimensional GHZ states. It can be arbitrarily large, thus there can
be arbitrarily large n-photon 2-dimensional GHZ states. STEP III: Starting with the Hamilton cycle, we try to add a
third PM, with blue edges. In D we observe that if the new edge splits the graph into an even number of vertices (upper
part: vertices 7,8; lower part: vertices 2,3,4,5), we always find a new Maverick PM. It consists of the new edge (here:
1-6) and edges from the Hamilton cycle (here edges 2-3,4-5,7-8). We learn – as we require only disjoint perfect matchings
– no edge of a new PM should split the graph into even numbers of vertices (otherwise Maverick PMs appear). Finally
in E we try to add edges which split the graph into odd number of vertices. We observe that in every additional PM
there are at least two neighboring edges which intersect (neighboring edges start from consecutive vertices; here – shown
in blue – they start at vertex 1 and vertex 2). This pair always forms a new Maverick PM with additional edges from
the Hamilton cycle (here: 1-5,2-6,3-4,7-8). There is one exception for the case of n=4: There can be a 3rd disjoint PM,
because a Maverick PM needs at least 3 edges (2 blue ones and one from the Hamilton cycle). Therefore, a 4-photon
3-dimensional GHZ state can be created, while for n > 4, GHZ states can only be created with d = 2.
with a 3-dimensional Bell-state measurement [18, 19].
In the graph this is represented by two graphs that
are merged (see Appendix). Many other classes of
entangled states, such as two-dimensional W-state
[20, 21] or asymmetrically entangled Schmidt-Rank
Vector (SRV) [22, 23] can be created by exploiting
multigraphs (graphs with more then one edge between
two vertices), as shown in the Appendix.
An important result is that calculating the final
quantum state cannot be done efficiently: Counting
the number of perfect matchings in a graph (i.e. cal-
culating the number of terms in the resulting quantum
state) is in the complexity class #P-complete. In
a bipartite graph, it is equivalent to computing the
permanent of the graph’s biadjacency matrix [10] (see
Appendix for such an experimental setup). Further-
more, for general graphs, counting the number of per-
fect matchings corresponds to calculating the Hafnian
(a generalisation of the permanent) of the graph’s ad-
jacency matrix. Even for approximating the Hafnian
there is no known deterministic algorithm which runs
in polynomial time [24, 25]. An example is given in
Fig. 3A for a random graph, its corresponding perfect
matching and Hafnian in Fig. 3B-C, and the corre-
sponding quantum setup in Fig. 3D.
While the information about the number of terms
is encoded in every n-photon quantum state emerging
from the setup, the question is how one can obtain this
information (or approximate it) efficiently. Measure-
ments in the computation basis are not sufficient, oth-
erwise it could be calculated classically as well. One
direction would be to investigate frustrated generation
of multiple qubits [26] (for instance, by using phase
shifters instead of mode shifters between each crys-
tal), or by analysing multi-photon high-dimensional
entanglement detections [27]. A detailed investigation
of the link between the outcome of such experiments
and complexity classes would be valuable, but is out-
side the scope of this article.
As it is possible to generate experimental setups
40
1
0
1
0
0
1
0
1
0
0
0
1
1
0
1
0
0
0
1
0
1
1
0
1
0
1
0
0
0
1
1
0
1
0
0
0
1
0
0
0
1
1
0
1
0
1
0
1
0
1
1
0
1
0
1
0
1
0
1
0
0
1
0
 
A B 
C 
a 
g 
b 
c 
d 
e 
f h 
D 
a c d e f g h 
haf = 6 
Random Graph Perfect Matchings 
Hafnian on Adjacency Matrix 
Experimental Setup 
b 
Figure 3. Random Graph or Quantum Random Network
– and its connection to Quantum experiments. A: A ran-
dom graph with 8 vertices and 14 edges. B: The perfect
matchings corresponding to the random graph. C: They
can be calculated with the matrix function Hafnian, which
is a generalisation of the permanent. Both are very expen-
sive to calculate. D: The corresponding quantum experi-
ment. Each of terms in its quantum state corresponds to
a perfect matching in the graph. It can also be seen as a
quantum random network, to study network properties in
the quantum regime.
for arbitrary undirected graphs, the presented scheme
is also a natural and inexpensive implementation of
quantum (random) networks (see Fig. 3). This could
be used to experimentally investigate entanglement
percolation [28–30] and critical exponents which lead
to phase transitions in quantum random networks [11].
As an example, it has been shown that for large quan-
tum networks with N nodes, every quantum subgraph
can be extracted with local operations and classical
communication (LOCC) if the edges are connected
with a probability p ≥ N−2 [11]. In close analogy
to the experimental schemes here, N is the number of
output paths of photons, and p corresponds to the
probability for a down-conversion event in a single
crystal. The quantum state for the edge between ver-
tices a and b, with mode number ` can be written
as
|ψa,b〉 =
(
1 + p
(
aˆ†a,`aˆ
†
b,` − aˆa,`aˆb,`
)
+
+
p2
2
(
aˆ†a,`aˆ
†
b,` − aˆa,`aˆb,`
)2
+ ...
)
|0〉. (2)
where p is the SPDC probability. The complete quan-
tum (random) network is a combination of all crystals
being pumped coherently, which is a tensor product
A B 
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Figure 4. A theorem from Graph theory: Hall’s marriage
theorem A: For a bipartite graph with equal number of el-
ements in X and Y , Hall’s theorem gives a necessary and
sufficient condition for the existence of a perfect matching.
That happens when for every subset in W ∈ X, the num-
ber of neighbors in Y is larger or equal than |W |. In the
example graph, the subset of X consisting of the vertices c,
e, g (indicated in red) have only two neighbors in Y (d, f –
indicated in green), thus there cannot be a perfect match-
ing. B: For quantum experiments, the analog question
is whether there can be 2n-fold coincidences, given that
n crystals emit photon pairs. When the two photons are
distinguishable (which corresponds to a bipartite graph),
2n-folds can only happen when for every subset W of sig-
nal photon paths the number of connected idler paths is
larger or equal than |W |. In the example, the subset of
signal photon paths (c, e, g – depicted in red) has only two
corresponding idler paths (d, f – depicted in green), thus
there cannot be a 10-fold coincidence count.
over all existing edges in the form of
|ψnetwork〉 =
⊗
e(i,j)∈E
|ψi,j〉 (3)
where i and j are the vertices which are connected by
the edge e ∈ E.
Finally, to strengthen the link between quantum
experiments and graph theory, we show that theo-
rems from Graph theory can be translated and rein-
terpreted in the realm of quantum experiments. In
Fig. 4A and B, we show Hall’s marriage theorem,
which gives a necessary and sufficient condition in a
bipartite graph for the existence of at least one per-
fect matching [31]. A generalisation to general graphs,
Tutte’s theorem [32, 33], is shown in the Appendix.
Both Graph theory theorems can be understood in
the language of quantum experiments.
To conclude, we have shown a strong link between
quantum experiments and Graph Theory. It allows to
systematically analyse the emerging quantum states
with methods from graph theory. The new link im-
mediatly opens up many new directions for future re-
search. For example, the analysation of the number of
maximal matchings and matchings in a graph (called
Hosoya index and often used in chemistry [34, 35]) in
the contect of quantum experiment.
5A detailed investigation of links between these ex-
periments and computation complexity classes, in par-
ticular the relation to computation complexity with
linear optics would be interesting [36–38].
Furthermore it would be interesting how the merg-
ing of graphs can be generalized with non-destructive
measurements [39], whether it leads to larger classes
of accessible states and how that can be described in
the Graph theoretical framework.
The generalisation to other graph theoretical meth-
ods would be interesting, such as weighted graphs
(which could correspond to variable down-conversion
rates via modulating the laser power), hypergraphs
(which would correspond to creation of tuples of pho-
tons, for instance via cascaded down-conversion [40,
41]) or 2-Factoriations (or general n-Factorizations,
which would lead to n photons in one single arm).
Experimental implementations could not only cre-
ate a vast array of well-defined quantum states, but
could also investigate striking properties of quantum
random networks in the laboratory.
Finally, we suggest that recent developments of in-
tegrated optics implementations of quantum experi-
ments, where the photons are generated on a photonic
chip [42–44], could be particularly useful to realize se-
tups of the type proposed here.
ACKNOWLEDGEMENTS
The authors thank Manuel Erhard, Armin
Hochrainer and Johannes Handsteiner for useful dis-
cussions and valuable comments on the manuscript.
X.G. thanks Lijun Chen for support. This work
was supported by the Austrian Academy of Sciences
(O¨AW), by the European Research Council (SIQS
Grant No. 600645 EU-FP7-ICT) and the Austrian
Science Fund (FWF) with SFB F40 (FOQUS). XG
acknowledges support from the Major Program of
National Natural Science Foundation of China (No.
11690030, 11690032), the National Natural Science
Foundation of China (No.61272418).
∗ mario.krenn@univie.ac.at
† anton.zeilinger@univie.ac.at
[1] L. Wang, X. Zou and L. Mandel, Induced coherence
without induced emission. Physical Review A 44, 4614
(1991).
[2] X. Zou, L. Wang and L. Mandel, Induced coherence
and indistinguishability in optical interference. Phys-
ical review letters 67, 318 (1991).
[3] D.A. Kalashnikov, A.V. Paterova, S.P. Kulik and L.A.
Krivitsky, Infrared spectroscopy with visible light.
Nature Photonics 10, 98–101 (2016).
[4] G.B. Lemos, V. Borish, G.D. Cole, S. Ramelow, R.
Lapkiewicz and A. Zeilinger, Quantum imaging with
undetected photons. Nature 512, 409–412 (2014).
[5] A. Heuer, R. Menzel and P. Milonni, Induced Coher-
ence, Vacuum Fields, and Complementarity in Bipho-
ton Generation. Physical review letters 114, 053601
(2015).
[6] P. La¨hteenma¨ki, G.S. Paraoanu, J. Hassel and P.J.
Hakonen, Coherence and multimode correlations from
vacuum fluctuations in a microwave superconducting
cavity. Nature Communications 7, 12548 (2016).
[7] A. Hochrainer, M. Lahiri, R. Lapkiewicz, G.B. Lemos
and A. Zeilinger, Quantifying the momentum correla-
tion between two light beams by detecting one. Pro-
ceedings of the National Academy of Sciences 114,
1508–1511 (2017).
[8] M. Krenn, A. Hochrainer, M. Lahiri and A. Zeilinger,
Entanglement by Path Identity. Physical Review Let-
ters 118, 080401 (2017).
[9] M. Krenn, M. Malik, R. Fickler, R. Lapkiewicz and A.
Zeilinger, Automated search for new quantum exper-
iments. Physical review letters 116, 090405 (2016).
[10] L.G. Valiant, The complexity of computing the per-
manent. Theoretical computer science 8, 189–201
(1979).
[11] S. Perseguers, M. Lewenstein, A. Ac´ın and J.I. Cirac,
Quantum random networks. Nature Physics 6, 539–
543 (2010).
[12] D.M. Greenberger, M.A. Horne and A. Zeilinger,
Going beyond Bell’s theorem. Bell’s theorem, quan-
tum theory and conceptions of the universe (Springer,
1989) p. 69–72.
[13] J. Lawrence, Rotational covariance and Greenberger-
Horne-Zeilinger theorems for three or more parti-
cles of any dimension. Physical Review A 89, 012105
(2014).
[14] L. Allen, M.W. Beijersbergen, R. Spreeuw and J.
Woerdman, Orbital angular momentum of light and
the transformation of Laguerre-Gaussian laser modes.
Physical Review A 45, 8185 (1992).
[15] A.M. Yao and M.J. Padgett, Orbital angular momen-
tum: origins, behavior and applications. Advances in
Optics and Photonics 3, 161–204 (2011).
[16] M. Krenn, M. Malik, M. Erhard and A. Zeilinger, Or-
bital angular momentum of photons and the entan-
glement of Laguerre–Gaussian modes. Phil. Trans. R.
Soc. A 375, 20150442 (2017).
[17] I. Bogdanov, Graphs with only dis-
joint perfect matchings. MathOverflow
https://mathoverflow.net/q/267013 (2017).
[18] C.H. Bennett, G. Brassard, C. Cre´peau, R. Jozsa,
A. Peres and W.K. Wootters, Teleporting an un-
known quantum state via dual classical and Einstein-
Podolsky-Rosen channels. Physical review letters 70,
1895 (1993).
[19] D. Sych and G. Leuchs, A complete basis of general-
ized Bell states. New Journal of Physics 11, 013006
(2009).
[20] A. Zeilinger, M.A. Horne and D.M. Greenberger,
Higher-order quantum entanglement. NASA Conf.
Publ. (1992).
[21] M. Bourennane, M. Eibl, C. Kurtsiefer, S. Gaertner,
H. Weinfurter, O. Gu¨hne, P. Hyllus, D. Bruß, M.
Lewenstein and A. Sanpera, Experimental detection
6of multipartite entanglement using witness operators.
Physical review letters 92, 087902 (2004).
[22] M. Huber and J.I. Vicente, Structure of multidimen-
sional entanglement in multipartite systems. Physical
review letters 110, 030501 (2013).
[23] M. Malik, M. Erhard, M. Huber, M. Krenn, R. Fickler
and A. Zeilinger, Multi-photon entanglement in high
dimensions. Nature Photonics 10, 248–252 (2016).
[24] A. Bjo¨rklund, Counting perfect matchings as fast as
Ryser. Proceedings of the twenty-third annual ACM-
SIAM symposium on Discrete Algorithms (SIAM,
2012) p. 914–921.
[25] A. Barvinok, Approximating permanents and hafni-
ans. Discrete Analysis 2, (2017).
[26] T. Herzog, J. Rarity, H. Weinfurter and A. Zeilinger,
Frustrated two-photon creation via interference.
Physical review letters 72, 629 (1994).
[27] M. Huber, F. Mintert, A. Gabriel and B.C. Hies-
mayr, Detection of high-dimensional genuine multi-
partite entanglement of mixed states. Physical review
letters 104, 210501 (2010).
[28] A. Ac´ın, J.I. Cirac and M. Lewenstein, Entanglement
percolation in quantum networks. arXiv preprint
quant-ph/0612167 (2006).
[29] M. Cuquet and J. Calsamiglia, Entanglement perco-
lation in quantum complex networks. Physical review
letters 103, 240503 (2009).
[30] S. Perseguers, D. Cavalcanti, G. Lapeyre Jr, M.
Lewenstein and A. Ac´ın, Multipartite entanglement
percolation. Physical Review A 81, 032327 (2010).
[31] P. Hall, On representatives of subsets. J. London
Math. Soc 10, 26–30 (1935).
[32] W.T. Tutte, The factorization of linear graphs. Jour-
nal of the London Mathematical Society 1, 107–111
(1947).
[33] J. Akiyama and M. Kano, Factors and factoriza-
tions of graphs: Proof techniques in factor theory.
(Springer, 2011).
[34] H. Hosoya, The topological index Z before and af-
ter 1971. Internet Electron. J. Mol. Des 1, 428–442
(2002).
[35] M. Jerrum, Two-dimensional monomer-dimer sys-
tems are computationally intractable. Journal of Sta-
tistical Physics 48, 121–134 (1987).
[36] S. Aaronson and A. Arkhipov, The computational
complexity of linear optics. Proceedings of the forty-
third annual ACM symposium on Theory of comput-
ing (ACM, 2011) p. 333–342.
[37] S. Aaronson, Quantum computing, postselection,
and probabilistic polynomial-time. Proceedings of the
Royal Society of London A: Mathematical, Physical
and Engineering Sciences (The Royal Society, 2005)
p. 3473–3482.
[38] C.S. Hamilton, R. Kruse, L. Sansoni, S. Barkhofen,
C. Silberhorn and I. Jex, Gaussian Boson Sampling.
arXiv preprint arXiv:1612.01199 (2016).
[39] X.L. Wang, X.D. Cai, Z.E. Su, M.C. Chen, D. Wu,
L. Li, N.L. Liu, C.Y. Lu and J.W. Pan, Quantum
teleportation of multiple degrees of freedom of a single
photon. Nature 518, 516–519 (2015).
[40] H. Hu¨bel, D.R. Hamel, A. Fedrizzi, S. Ramelow, K.J.
Resch and T. Jennewein, Direct generation of photon
triplets using cascaded photon-pair sources. Nature
466, 601–603 (2010).
[41] D.R. Hamel, L.K. Shalm, H. Hu¨bel, A.J. Miller, F.
Marsili, V.B. Verma, R.P. Mirin, S.W. Nam, K.J.
Resch and T. Jennewein, Direct generation of three-
photon polarization entanglement. Nature Photonics
8, 801–807 (2014).
[42] J.W. Silverstone, D. Bonneau, K. Ohira, N. Suzuki,
H. Yoshida, N. Iizuka, M. Ezaki, C.M. Natara-
jan, M.G. Tanner, R.H. Hadfield and others, On-
chip quantum interference between silicon photon-
pair sources. Nature Photonics 8, 104–108 (2014).
[43] H. Jin, F. Liu, P. Xu, J. Xia, M. Zhong, Y. Yuan, J.
Zhou, Y. Gong, W. Wang and S. Zhu, On-chip gen-
eration and manipulation of entangled photons based
on reconfigurable lithium-niobate waveguide circuits.
Physical review letters 113, 103601 (2014).
[44] S. Krapick, B. Brecht, H. Herrmann, V. Quiring and
C. Silberhorn, On-chip generation of photon-triplet
states. Optics express 24, 2836–2849 (2016).
[45] P.G. Kwiat, E. Waks, A.G. White, I. Appelbaum and
P.H. Eberhard, Ultrabright source of polarization-
entangled photons. Physical Review A 60, R773
(1999).
[46] M. Z˙ukowski, A. Zeilinger, M. Horne and A. Ekert,
’Event-ready-detectors’ Bell experiment via entangle-
ment swapping. Physical Review Letters 71, 4287
(1993).
[47] J.W. Pan, D. Bouwmeester, H. Weinfurter and A.
Zeilinger, Experimental entanglement swapping: en-
tangling photons that never interacted. Physical Re-
view Letters 80, 3891 (1998).
[48] S. Bose, V. Vedral and P.L. Knight, Multiparticle gen-
eralization of entanglement swapping. Physical Re-
view A 57, 822 (1998).
[49] N.J.A. Sloane, The On-Line Encyclopedia
of Integer Sequences, Sequence A001147.
https://oeis.org/A001147 .
[50] N.J.A. Sloane, The On-Line Encyclopedia
of Integer Sequences, Sequence A000438.
https://oeis.org/A000438 .
7APPENDIX
Appendix I. Examples of Path Identity
Twenty-five years ago, Wang, Zou and Mandel (originally suggested by Zhe-Yu Ou) have demonstrated a
remarkable idea: They coherently overlapped one of the output modes from each crystal (|b〉 = |d〉 in Fig.
5A), such that the which-crystal information for the photon in d never exists in the first place. That leads to
|ψ〉 = 1/√2 (|a〉+ |c〉) |d〉, where one photon is in d and the second photon is in a coherent superposition of
being in a and in c. When both output modes from the two crystals are overlapped such that the paths of
the photons are identical (Fig. 5B). By adding phases between the two crystals, one obtains |ψ〉 = (|a, b〉 +
exp(iφ)|a, b〉) = (1 + exp(iφ))|a, b〉, which means that by changing the phase φ, one can enhance or suppress the
creation of photons – a phenomenon denoted as frustrated generation of photon pairs [26]. If instead of phase
shifters one would add mode shifters between the crystals (for instance, the crystal produces two horizontal
polarized photons, and the mode-shifter changes horizontal to vertical), one creates an entangled two-photon
state |ψ〉 = 1/√2(|Ha, Hb〉+ |Va, Vb〉) [45].
I 
II 
A B 
 𝐻, 𝐻  
d c 
a 
b 
I 
II 
a 
Figure 5. A: The experiment introduced in [1] consists of two crystals, pumped by a laser (depicted in black) which
create one pair of photons (either in crystal I or in crystal II), and one of the paths is overlapped. If the two possibilities
are prepared such that one cannot distinguish in which crystal the photons have been created, the final state consists of
a photon in d and a coherent superposition of the second photon being in a or in c. B: In this experiment, both arms are
overlapped. If the grey elements between the two crystals are phase-shifters, the two crystals can either constructively or
destructively interfere, leading to larger or smaller numbers of photons in the output a and b [26]. If the grey elements
are mode-shifters, one creates an entangled state [45]. In can be chosen by the experimentalist whether the photons
emerge colinear or at an angle from the crystal. For simplicity, the laser is not drawn anymore in the following examples.
8Appendix II. Multi-Graphs for different structured entangled states
The examples in Fig. 1 and Fig. 2 in the main text have aimed at producing GHZ states. One can use
multi-graphs (which have two edges between two vertices) to create a vast array of different entangled states,
such as the W-state or high-dimensional asymmetrically entangled states – as shown in Fig. 6.
c d a b 
A B 
a 
c d 
b 
Figure 6. A: An optical setup, where two crystals emit into the same path, can be used to realize many entangled states,
such as the W-state |ψ〉 = 1/2 (|0, 0, 0, 1〉+ |0, 0, 1, 0〉+ |0, 1, 0, 0〉+ |1, 0, 0, 0〉) or a high-dimensional asymmetrically
entangled state |ψ〉 = 1/2|0〉 (|0, 0, 0〉+ |1, 0, 1〉+ |2, 1, 0〉+ |3, 1, 1〉), where one photon acts as trigger. By changing the
mode- and phase-shifters between the crystals, one arrives at different states. B: Such experiments can be consistently
described with multiple edges that are incident to the same two vertices. By looking at the perfect matchings, it is easy
to understand what modes the individual crystals have to produce to obtain the desired state (for example, shown in
[8]).
Appendix III. High-dimensional Multipartite Entanglement Swapping for State merging
The merging of two 4-photon 3-dimensional entangled states with a 3-dimensional Bell-state measurement
(as shown in Fig. 7A and B) leads to a 6-photon 3-dimensional entangled state:
|ψ〉 = 1√
3
(|0, 0, 0, 0, 0, 0〉+ |1, 1, 1, 1, 1, 1〉+ |2, 2, 2, 2, 2, 2〉), (4)
which is a 6-photon, 3-dimensional GHZ state. This can be generalized to multi-photon 3-dimensional GHZ
states with more copies chained together. The operation is a generalisation of entanglement swapping [46, 47]
to multi-photonic systems [48] with more than two dimensions.
A B 
a b c 
d e 
f g h 3-dim BSM 
d e 
b 
c 
a f 
g 
h 
3-dim 
BSM 
Figure 7. A: Two experiments which each create a 3-dimensional 4-photon entangled GHZ state can be combined with
a 3-dimensional Bell-State measurement. B: In the corresponding graph, the vertices d and e are merged. Merging the
two graphs can be understood as a generalized multi-photon high-dimensional entanglement swapping.
9Appendix VI. Entanglement of 6 photons in 5 dimensions - complete graph K6
An experiment with five layers and three crystals in each layer is shown in Fig. 8A. It corresponds to the
complete graph K6, which has one edge between each of its six vertices Fig. 8B. It has 15 perfect matchings,
which are shown in Fig. 8C. For complete graphs K2n with 2n vertices, the number of perfect matchings is
#(PM) = (2n)!n!2n [49].
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f 
a 
b 
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 0,0  
 0,0   0,0   0,0  
 0,0   0,0   0,0  
 0,0   0,0   0,0  
 0,0   0,0  
 0,0   0,0  
 0,0  
a b c d f A e 
+1 
+1 
+1 
+1 
B 
C 
 0,0,0,0,0,0   1,1,1,1,1,1   2,2,2,2,2,2   3,3,3,3,3,3   4,4,4,4,4,4  
 0,0,2,4,4,2   0,0,3,1,3,1   1,2,1,2,0,0   1,3,1,4,4,3   2,3,0,0,2,3  
 2,4,4,1,2,1   3,1,2,3,1,2   3,4,4,3,0,0   4,1,0,0,1,4   4,2,3,2,3,4  
Figure 8. A: An experimental setup with five layers with three crystals each, which creates a 6-photon entangled state
in five dimensions. B: It is represented by the complete graph K6, and each of the five layers corresponds to one perfect
matching (indicated by the edges with the same colors). C: A complete graph with six vertices has 15 perfect matchings.
Five of them (first line) correspond to the five different layers which can be arbitrarily controlled in the experiment. The
remaining ten perfect matchings (second and third line) correspond to combinations from different layers of crystals.
A 1-Factorization of the graph G(V,E) is a partitioning of the graph’s edges into disjoined subgraphs (called
1-factors), such as the first line of Fig. 8C. Each of these 1-Factor of the 1-Factorization can be controlled
independently in the quantum experiment, the additional Maverick terms arise then automatically. Interestingly,
in contrast to factorization of natural numbers, 1-Factorizations of graphs are not unique [50]. This allows for
a lot of extra variability in the generation of entangled states.
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Appendix V. Bipartite Graphs
Counting the number of perfect matchings in a bipartite graph is in the complexity class #P-complete.
In Fig. 9A, an experimental setup is shown which corresponds to the bipartite graph in Fig. 9B. The perfect
matchings for this case can be found in Fig. 9C. They correspond to the number of terms in the resulting
quantum state. The mode number of the different terms can be set for each crystal individually, thus one can
simply see which states are possible.
A B a b c d e f g h i j 
a b 
c d 
e f 
g h 
i j 
a b 
c d 
e f 
g h 
i j 
a b 
c d 
e f 
g h 
i j 
a b 
c d 
e f 
g h 
i j 
a b 
c d 
e f 
g h 
i j 
a b 
c d 
e f 
g h 
i j 
a b 
c d 
e f 
g h 
i j 
a b 
c d 
e f 
g h 
i j 
a b 
c d 
e f 
g h 
i j 
C 
Figure 9. A: An optical setup which corresponds to a bipartite graph. It has ten paths and 15 crystals. B: The
corresponding bipartite graph. The question how many terms the resulting quantum state will have is asking how many
perfect matchings there are in the bipartite graph. C: In this example, there are eight perfect matchings, which are
represented with red coloured edges.
Appendix VI. Perfect matchings in general Graphs: Tutte’s theorem
A different important result in Graph theory about perfect matchings is Tutte’s theorem. It gives a necessary
and sufficient condition for general graphs, when one can find perfect matchings (but not talking about how
many). It is a generalisation of Hall’s marriage theorem, which answers the same question for bipartite graphs.
In Fig. 10A, the theorem is explained based on an example. That theorem can be understood with quantum
experiments, as shown in Fig. 10B.
A a b c d e f g h i j 
c 
b 
a 
d 
e 
f 
g 
h 
i 
j 
B Tutte‘s theorem 
Figure 10. A: Tutte’s theorem is a generalisation for arbitrary graphs. It says that in a graph G(V,E) a perfect matching
exists if and only if for every subset U ∈ V , the remaining subgraph V − U has at most U connected components with
an odd number of vertices. In the above example, if we chose U = d, the remaining subgraph has three connected
components (abc, efg, hij), and each of them has an odd number of vertices. U has only one vertex, thus there is no
perfect matching in this graph. B: The analog criterion for a general setup where each crystal produces indistinguishable
photon pairs can be states as follows: For every combination of paths U , removing the paths and all connected crystals
leads to several independent remaining setups Sr. Coincident counts can only occur if the number of Sr with odd numbers
of paths is smaller than the number of paths in U . In the example, the subset U = d does not fulfill the condition: By
removing the path d and every connected crystal (depicted in red), Sr contains three independent subsetups (with paths
abc, efg, hij), each of them have an odd number (three) of paths. It can be easily understood that subsetups with an odd
number of crystals require one photon from the removed subset. If the number of subsetups, which require one photon,
is larger than the number of paths removed, not every subsetup will receive a photon, thus there can not be an 2n-fold
coincidence count.
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Appendix VII. From Graph to Experimental Setup
We show one simple example how to construct the experimental setup and the wiring of the paths for one
specific graph. We use the random graph shown in Fig3 in the main text.
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C D E 
F G H I J 
Figure 11. A: Generation of an experimental setup from a random graph: A-E: Random graph with increasingly number
of edges translated to an experiment. Blue edges correspond to crystals which need to be added to the setup, red edges
are those that already correspond to a crystal in the setup. F-J: Experimental setup is constructed according to the
graph. First, detectors are set, and setups are the first row of crystal is added. Afterwards, the remaining layers of
crystals are added.
